Based on the Collins diffraction formula and by means of the expansion of a hard aperture function into a finite sum of complex Gaussian functions, two analytical approaches of the Finite Olver beams (FOBs) passing through a paraxial ABCD optical system with a circular annular aperture or a rectangular one are developed in this paper. The propagation properties of the FOBs through an unapertured ABCD optical system or through this last with a circular (or rectangular) aperture or a circular (or rectangular) black screen are deduced, from the main results, as particular cases. Also, the characteristics of Finite ordinary Airy beam passing through the all considered optical systems are derived here that correspond to zeroth-order of the FOBs. According to the predicted formulas, computer simulation examples are given to deepen the understanding of the characteristics of the FOBs passing through some optical systems of annular aperture basis.
Approach Formula of the FOBs Passing through a Paraxial ABCD Optical System with a Rectangular Aperture
In the rectangular coordinates, the electrical field distribution of two-dimensional FOBs at the waist plane situated at propagation distance 0 z = is given by ( ) 
where O n (.) is the Olver function of order n, 0 x ω and 0 y ω are the waist sizes of the incident beam in x and y directions, respectively. a and b are the exponential truncation factors in x and y directions, respectively. The transverse intensity distribution of the incident FOBs, for different parameters a, b and different beam orders n, is presented in Figure 1 . The graphs of this figure show that the parameters a and b influence the apparition or not of the side-lobes in each direction, either x or y. This can be seen clearly around the orders n = 0 and 2. Consider now a FOBs illuminates a paraxial ABCD optical system with a rectangular annular aperture as shown in Figure 2 . The rectangular annular aperture is of inner dimensional half width in x and y, x b and y b , respectively of outer dimensional half width in x and y-directions x a and y a , respectively (see Figure 2) . Generally, the hard rectangular aperture can be expressed with a finite sum of complex Gaussian functions as [24] [27] . denote the expansion and Gaussian coefficients, respectively. Within the framework of the paraxial approximation, the propagation of a laser beam passing through a paraxial ABCD optical system over a diffraction surface Σ , at source plane ( ) 0 z = , is treated by means the Collins integral formula [28] and the output electric field distribution in the receiver plane placed at propagation distance z is given as ( )
with { } ( )
where
is the wave number, A, B, C and D are the elements of the transfer matrix and λ being the wavelength.
If the diffraction surface Σ is a rectangular annular aperture, Equation (3) returns to 2   2  2  2  2  2  0  1  1  1  1  1  1  1  1 2  1 2  1 1   2  2  0  1  1  1  1  1  1  1  1 2  1 2  1 1 , , , 
Substituting Equation (1) and Equation (2) into Equation (5), we find ( ) 1   1  1   2   2  2   1  1   2  1  2  2  2  0  1  2  1  1  2  1  0  0   2  1  1  2  1  1  2  1 0 0
By using the integral representation of Olver function [9] ( ) ( ) ( )
with 3, 1 , 3 n a n γ = +    =  +  recalling the integral formula [29] ( )
by means of the integral form [9] ( ) 
and after some calculations, the output electrical field of a FOBs passing through an ABCD optical system which is limited by a rectangular annular aperture is found as follows ( ) 
where Equation (10) is the main first result of this work. It characterizes the transformation of a FOBs by an ABCD optical system with a rectangular annular aperture. In the following paragraph, we will focus to the propagation of FOBs through a circular annular aperture.
Propagation Equation of FOBs through a Circular Annular Apertured Paraxial ABCD Optical System
Let us consider a circular annular aperture located at the waist plane of 0 z = followed by an ABCD optical system illuminated by a 2-D-FOBs as shown in Figure 2 . The hard circular annular aperture is expanded into a finite sum of complex Gaussian functions in two dimensions as [5] ( )
where h A and h B denote the expansion and Gaussian coefficients respectively, which can obtained by optimization-computation directly [27] . R and r are the outer and inner radii of the annular aperture, respectively. The propagation of the FOBs passing through a paraxial ABCD optical system with circular annular aperture is characterized by the Collins integral of the form [28] ( )
The parameters A, B, C and D are as described in Section 2. Substituting Equation (1) and Equation (14) into Equation (15), we can obtain ( )
By using the integral representation of Olver functions given by Equation (7), recalling the integral formulae as given in Equation (8) and Equation (9) , and after some calculations, we find the output optical field of a Finite Olver beam passing through an ABCD optical system with a circular annular aperture as follows ( ) 2  2   2  2  2  6  3  3  2  6  3  3  2  1  0  0  0  0   2  2   4  2  4  2  0  0  0  0   1  1  1  , ,  exp  exp  exp  4  96  8  96  8   1  1  1 exp  2  2  4  16 16 Equation (17) is considered as the main second result of this work. It characterizes the transformation of a FOBs by an ABCD optical system with a circular annular aperture. In the following paragraph, we will deduce the special cases describing the form of rectangular and circular apertures.
Particular Cases

Particular Cases Concerning the Incident Beam
Propagation of a Finite Airy Beam through a Rectangular
In this case, the propagation of this beams family passing through a paraxial ABCD optical system with rectangular annular aperture is treated. This case is obtained when 0 n = and by the use of Equation (10), the output field is given by ( ) (20) gives the propagation of a Finite ordinary Airy beam through an ABCD optical system apertured by a rectangular annular aperture. It is in agreement with the main result established by Equation (15) of the investigation developed by Ez-zariy et al. [24] on the transformation of the two-dimensional finite Airy beams by an ABCD optical system truncated by a rectangular annular aperture.
Propagation of Finite Airy Beam through a Circular Annular Aperture
The propagation of a Finite ordinary Airy beam passing through a paraxial ABCD optical system with circular annular aperture is examined as a special case when 0 n = ( ) 2  2   2  2  2  6  3  3  2  6  3  3  2  1  0  0  0  0   2  2   4  2  4  2  0  0  0  0   1  1  1  , ,  exp  exp  exp  4  96  8  96  8   1  1  1 exp  2  2  4  16 16 (21) is obtained from Equation (17) and gives the output electrical field of a Finite Airy beam through an ABCD optical system truncated by a circular annular aperture. This equation is similar to Equation (9) regarded as the principle finding obtained by Wen et al. [5] about a Finite Airy beam traveling a paraxial ABCD optical system with circular annular aperture.
Special Cases Concerning the Rectangular Annular Aperture
FOBs through an ABCD Optical System with a Rectangular Aperture
In this particular case, we treat the transformation of a FOBs passing through a paraxial ABCD optical system with rectangular aperture, by choosing 0
The form of Equation (10) 
FOBs through an ABCD Optical System with a Rectangular Black Screen
This case is obtained when x y a a = → ∞ . In these conditions, the parameters established in Equation (12) and Equation (13) could be changed to 
When the Finite Olver beam order equal to zero, this beams family becomes a Finite Airy beam and in this situation one obtains a formula similar to that elaborated by Equation (18) of Ref. [24] .
FOBs through an Unapertured ABCD Optical System
An unapertured ABCD optical system conducted under the condition that 
Special Cases Concerning the Circular Annular Aperture
FOBs through an ABCD Optical System with Circular Aperture
In this case, we treat the transformation of a Finite Olver beam passing through a paraxial ABCD optical system coupled with a circular aperture. This case is obtained when 0 r → and the form of Equation (15) This analytical expression characterizes the propagation of a Finite Olver beam through a circular aperture followed by an ABCD optical system.
FOBs through an ABCD Optical System with Circular Black Screen
Under this condition R → ∞ , and by the use of Equation (17), the transformation of the FOBs by a paraxial ABCD optical system with circular black screen is given by ( ) 2  2   2  2  2  3  2  3  2  6  3  6  3  0  0  0  0   4  2  4  2  0  0  0  0   2  2   6  3  3  2  1  0  0   1  1  , ,  exp  4  8  8  96  96   1  1  2  2  16  16   1  exp  exp  4 96 8 This result can be compared with that given in Equation (24) and also with the principle finding of Ref. [10] .
Numerical Simulation Examples
Rectangular Annular Aperture
In order to investigate the effects of the rectangular (or circular) annular aperture on propagation properties of the FOBs through an ABCD optical system, some numerical simulation examples are performed in this paper using the above analytical results elaborated in Equation (10) and Equation (17) concerning the rectangular annular aperture and the circular one, respectively.
The normalized intensity distribution of the FOBs through an annular aperture followed by a free space is calculated numerically at receiver plane situated at propagation distance z. The parameters chosen in the simulations, are 632.8 nm . The transfer matrix corresponding to the free space is established by
where z denotes the distance between the input and output plans of the optical system.
In Figure 3 , we display the normalized intensity distribution of the zeroth-order FOBs passing through an ABCD optical system with rectangular aperture. This study is investigated for making a comparison of threedimensional behavior for different inner dimensional half width in xand y directions which are illustrated in the following way: Figure 3 
Circular Annular Aperture
In order to study the propagation characteristics of FOBs for various orders ( 0,1, 2, n =  ) passing through an annular aperture followed by a free space expressed by the transfer matrix elements given in Equation (27), we will make some numerical calculations for the approximate analytical expression given by Equation (17) , which are presented in Figure 5 and Figure 6 obtained by the choice of the same parameters given in the previous pa- . For the same study, we display in Figure 6 the normalized transverse intensity distribution of FOBs of second order (n = 2).
These figures show that there is a change in profile on the intensity distribution, which allows us to understand the transformation of the propagation of this Finite Olver beams family by changing the annular aperture size or the propagation distance in free space.
Conclusion
In this work, the approximate analytical representations of the Finite Olver beams passing through a paraxial ABCD optical system with rectangular annular and circular one are obtained. The method used in this paper allows us to understand the mechanism of the propagation of the Finite Olver beams by changing the aperture parameters as its size is perfected to the very small size of apertures where the real diffraction experiment cannot be performed easily. The normalized intensity distribution of this beams family in free space is graphically illustrated with numerical examples for analyzing the behavior of this beams class. Moreover, our method used in this work can be applied to other non-diffracting laser beams.
